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A u n i f i e d  numerical method f o r  the in tegrat ion of s t i f f  time-dependent cons t i t u t i ve  
equations i s  presented. The so lu t i on  process i s  d i r e c t l y  appl ied t o  a cons t i t u t i ve  
model proposed, by Bodner. The theory confronts time-dependent anelast ic behavior 
coupled with both fsot ropfc  hardening and d l rec t i ona l  hardening behavfors. Pre- 
.dfcted stress-strafn responses from t h i s  model are compared t o  experimental data 
from c y c l i c  t es ts  on unfax ia l  specimens. An algori thm i s  developed for  the e f f i -  
c i e n t  i n teg ra t i on  o f  the Bodner f low equation. A comparison i s  made with the Euler 
method f o r  i n teg ra t i ng  these re la t ions.  Addftfonal comparisons are made with the 
model developed by Walker using the Euler in tegrat ion method. 
computational time i s  presented f o r  the three algorithms. 
An analysis of 
I. Introduct ion 
The development o f  c o n s t i t u t i v e  models f o r  the use i n  the s t ruc tu ra l  analysis of 
a i r c r a f t  gas turbine engine components has been an on-going process for many years. 
Recent invest igators have chosen t o  combine the physical aspects o f  the various 
non-linear e f fec ts  i n t o  a u n i f i e d  theory i n  which a l l  phenomena a r e  coupled. One 
such theory was proposed by Bodner and Partom (1). 
the invest igat ions i n  t h i s  paper. 
The usual approach f o r  the i n teg ra t i on  of t h i s  type o f  model i s  e i t h e r  an Euler 
i n teg ra t i on  technique of d i r e c t  "marching" o r  the second-order Adams-Moul ton 
predictor-corrector technique (2)  
This theory forms the basis fo r  
11. Method 
A new approach which uses a m a t r i x  i n teg ra t i on  technique has been presented by 
Tanaka ( 3 ) .  This approach solves for a l l  the variables a t  the same time, thereby 
proposing t o  shorten the computational process and r e s u l t  i n  a stable in tegrat ion 
scheme. The process should a l l o w  f o r  l a rge r  t i m e  steps t o  be chosen than the E u l e r  
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technique t o  achieve the  same accuracy. 
shor t  computational t imes are the  goal t o  be achieved f o r  a g iven problem. Un i f ied  
computative models such as 
The process i s  a l so  s tab le.  Therefore 
t * L f [  u, x, T 1 
may be t rea ted  by t h i s  technique. 
Equation ( 3 )  may be enhanced by i nc lud ing  work hardening and recovery formats, 
i .e., 
A lgor1 thm: 
A numerical a lgor i thm has been develo ed t o  numer ica l ly  so lve f o r  the s t a t e  
var iab les  represented i n  equations (2  P - (4) subjected t o  a t ime - vary ing t o t a l  
s t r a  i n  function. 
Equations (2) - (4)  are formed i n t o  a m a t r i x  of the form 
M x = b  
Where M i s  the system Jacobian mat r ix ,  x i s  the vector  o f  unknown var iab les,  and b 
i s  the  s o l u t i o n  and e r r o r  c o r r e c t i o n  mat r ix .  
This ma t r i x  i s  successively reformed and inve r ted  t o  a f f e c t  the s o l u t i o n  of the 
s t a t e  var iables.  
p a r t i c u l a r  s t r a i n  incremental step. Thus, the process const ructed he re in  i s  a 
ma t r i x  extension of an Eu ler  method i n  which a l l  var iab les  are ca l cu la ted  s imu l ta -  
neously based upon a d r i v e r  o f  t he  s t a t e  var iab les  from the previous s t r a  n s tate.  
No at tempt i s  made t o  i t e r a t e  on the ma t r i x  cons t ruc t i on  du r ing  a 
Results: 
The bas ic  disadvantage i n  us ing  Tanaka's N O N S  (Non i te ra t i ve  Se l f - co r rec t  ng 
Solut ion)  technique i s  the s o l u t i o n  t ime which i s  excessive. 
f o r  the load cases s tud ied  a re  summarized i n  Table I .  The times shown are fo r  a 
s ing le  load h i s t o r y  a t  2000 F, a s t r a i n  r a t e  o f  4 x 10 -5 per second, a s t r a i n  
range o f  .6%, and a R - ra t i o  o f  minus i n f i n i t y .  A l l  computation times shown i n  
Table I represent actua l  numerical computation time, the computer t ime spent fo r  
I/O and fo r  accessing the c lock  were subtracted s ince the  th ree  rou t i nes  d i f fe red  
i n  t h e i r  respect ive 1/0 burdens. The convergence c r i t e r i o n  used i n  each of  the 
three rou t ines  was i d e n t i c a l ,  namely the ca l cu la ted  out -of -p lane s t ress  fo r  the 
un iax ia l  specimen was forced t o  be w i t h i n  a small to lerance o f  zero. 
The execut ion times 
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The f i r s t  5 cases shown i n  Table I s u m a r i z e  the experience w i th  the NONSS i n t e -  
g r a t i o n  method. 
two rou t ines  s tud ied (Bodner's model us ing  Eu ler  i n t e g r a t i o n  shown as cases 6 
through 10 and Walker's model us ing  Eu ler  i n t e g r a t i o n  shown as cases 11 through 
15) .  
coarser t ime steps. One d i f ference between the  NONSS r o u t i n e  and the o ther  two 
s tud ied  i s  the lack  o f  a s e l f  adapt ive t ime step. This  i s  ev iden t  i n  the com- 
par ison o f  the computing times i n  cases 3 and 4 where the number of i n t e g r a t i o n  
t ime subincrements was doubled r e s u l t i n g  i n  an approximately doubled computing 
gime. 
each increment, bu t  underwent an automatic readjustment i n t e r n a l l y  (se l f -adapt ive  
time steps). 
t a t i o n  t ime even though the i n i t i a l  subincrement value was high. 
s e l f  adapt ive t i m e  s t e p  w i t h  the  NONSS method would l i k e l y  have prevented the  
convergence fa i l u res  which occurred i n  cases 1 and 2 w i thout  s i g n i f i c a n t  loss of 
e f f i c i e n c y .  
It can be seen t h a t  the  method i s  i n  general s lower than the o ther  
I n  add i t i on  i t  can be seen t h a t  there  i s  a tendency t o  f a i l  t o  converge for  
For the o ther  two rou t ines  the number o f  subincrements was s e t  i n i t i a l l y  f o r  
This s e l f  adapt ive fea tu re  o f t e n  r e s u l t s  i n  the same o v e r a l l  COmPU- 
I n c l u s i o n  of a 
The present study supports the conclus ion reached by Kumar e t .  a l .  ( 7 )  and by 
Imbrie, Hais ler ,  and A l l e n  (6);  namely t h a t  the Euler forward d i f f e rence  o r  a minor 
mod i f i ca t i on  o f  i t  i s  the most e f f i c e n t  method. Evidence o f  t h i s  f o r  the NONSS and 
Eu ler  methods )s seen by comparing cases 5 and 9 i n  Table 11. For case number 10, 
t he  s e l f  adapt ive t ime stepping was suppressed i n  order  t o  ge t  a d i r e c t  comparison 
,of the  two methods. 
The cases 6 through 9 and 12 through 14 compare the response o f  Bodner's and 
Walker's models t o  var ious i n i t i a l  i z a t i o n s  o f  the subincrement parameter. 
Walker's model the s e l f  adapt ive t ime step q u i c k l y  f i n d s  the lowest l e v e l  and 
consequently completes the i n t e g r a t i o n  i n  the  same amount o f  computing time regard- 
less  of the i n i t i a l  value o f  the subincrement. For Bodner's model t h i s  i s  also  
t r u e  t o  some extent.  However an examination o f  case number 7 shows t h a t  i n i t i a l -  
i z i n g  the subincrement parameter a t  too smal l  a value can a c t u a l l y  increase the 
t o t a l  i n t e g r a t i o n  time. 
Bodner's model which de t rac ts  f rom the  o v e r a l l  e f f i c i e n c y .  Add i t iona l  study i s  
requ i red  t o  i d e n t i f y  the  source o f  t h i s  i n s t a b i l i t y  and t o  determine if st ra teg ies  
e x i s t  which might prevent it. 
A d e t a i l e d  analys is  o f  the p o r t i o n s  o f  each code where the  computing time was 
a c t u a l l y  spent showed t h a t  n e a r l y  33% o f  computing t ime consumed by the NONSS 
method was spent i n  ma t r i x  invers ion .  This  r e s u l t  suggests t h a t  considerable 
e f f i c i ency  f o r  the N O N S  method cou ld  be gained i f  the i nve r ted  m a t r i x  were 
assembled d i r e c t l y .  I t  was a l s o  noted t h a t  t h e  a lgor i thm used f o r  Walker's model 
contained some redundant c a l c u l a t i o n s  which, i f  removed, would save approximately 
20% o f  comDutfna t ime. 
For 
Thus the re  appears t o  be an inherent  i n s t a b i l i t y  f o r  
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Table I 
A Comparison o f  Computing Times For 3 Const i tut ive Model Routines 
CASE I THEORY 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
11. 
12. 
13. 
14. 
15. 
Bodnqr' 
-Partom 
Bodner 
-Pa r tom 
Bodner 
-Partom 
Walker 
METHOD 
NONSS.. 
Eu ler  
(se l f -adapt ive )  
Eu ler  s e l f -  
adaptive, without 
d i r e c t i o n a l  hard- 
ening terms 
Eul e r  
(se l  f -adapt ive)  
CYCLES INCREMENTS 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
80 
80 
80 
80 
320 
80 
80 
80 
80 
320 
320 
80 
80 
80 
320 
SUB- 
INCREMENTS 
2 
3 
4 
8 
1 
1 
3 
4 
8 
1 
1 
1 
2 
8 
1 
* 0.78 t o  assemble m a t r i x ,  1.15 t o  i n v e r t  mat r ix  
** 0.81 when adjusted f o r  excess m a t e r i a l  p roper t ies  ca lcu la t ions  
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TIME 
fall-d 
failed 
3.50 
6.34 
3.53* 
1.28 
1.62 
1.26 
1.26 
1.76 
1.43 
0.45 
0.45 
0.45 
1.03** 
